Non-linear mixing in coupled photonic crystal nanobeam cavities due to cross-coupling opto-mechanical mechanisms We investigate the coupling between mechanical and optical modes supported by coupled, freestanding, photonic crystal nanobeam cavities. We show that localized cavity modes for a given gap between the nanobeams provide weak optomechanical coupling with out-of-plane mechanical modes. However, we show that the coupling can be significantly increased, more than an order of magnitude for the symmetric mechanical mode, due to optical resonances that arise from the interaction of the localized cavity modes with standing waves formed by the reflection from thesubstrate. Finally, amplification of motion for the symmetric mode has been observed and attributed to the strong optomechanical interaction of our hybrid system. The amplitude of these self-sustained oscillations is large enough to put the system into a non-linear oscillation regime where a mixing between the mechanical modes is experimentally observed and theoretically explained. Recent developments in nanofabrication techniques allow for fabrication of mechanical resonators at nanoscale, opening the door to a plethora of novel applications in many diverse fields such as biological and mass sensing, [1] [2] [3] [4] [5] signal processing, 6 force measurement, 7 and quantum studies at the mesoscale. 8, 9 In all of these applications involving a mechanical oscillator, the key element is the displacement transduction mechanism. Although there are different transduction approaches, [10] [11] [12] optics based techniques such as interferometry 13, 14 or laser beam deflection are more attractive since they offer larger operation bandwidth, and are less sensitive to the environment surrounding the oscillator than other techniques where ionic compounds could interfere in the detection sensitivity. However, as the size of the resonator approaches the nanoscale dimensions, the optical backaction effects arises. 15 Therefore, recent years have witnessed a crescent interest in understanding the underlying physics arising from linear and nonlinear coupling of optical and mechanical degrees of freedom of nanoscale systems, besides the optomechanical actuation by means of forces originated from different mechanisms, such as scattering optical force, 16 gradient optical forces, 17 electrostrictive optical force, 18 or gyroscopic forces through optical angular momentum, 19 and their noise-control capabilities as well as their unprecedented transduction sensitivity. [20] [21] [22] In this work, we elucidate the positive impact of the optomechanical coupling on increasing the motion-transduction sensitivity, and we report the non-linear mixing arising due to the optical back-action powered self-sustained mechanical oscillations.
The system we study-coupled photonic crystal nanobeam cavities (PCNCs)-consists of two, parallel, suspended nanobeams in close proximity fabricated by electron beam lithography described elsewhere. 23 Mechanical and/or optical coupling between two such structures results in emergence of optical 23 and mechanical 24 super-modes, the situation analogous to two coupled quantum wells. The level of optical coupling, and therefore the eigen-frequencies of optical super-modes, depends on the overlap between localized optical resonances of each nanobeam. The latter can be engineered by controlling the separation between the nanobeams, the feature that has been used in the past to realize tunable/ programmable photonic components. 25 At the same time, a silicon overhang in between the nanobeams, Fig. 1(a) , couples out-of-plane mechanical resonances of each nanobeam, resulting in mechanical super-modes. 26 The mechanical response of the system is studied using Finite Element Method (FEM, COMSOL Multiphysics). Each nanobeam is 20 lm long, 500 nm wide, and 220 nm thick and supports fundamental out-of-plane modes with frequency f 0 ¼ 4.65 MHz and spring constant k ¼ 1.5 N/m. The nanobeams are coupled via a silicon overhang of about 2 lm. This gives rise to an in-phase symmetric mode, with frequency f 1 ¼ 4.65 MHz, and an out-of-phase antisymmetric mode, frequency f 2 ¼ 5.25 MHz. By simply modeling the system as two coupled springs with elastic constant k i and active mass m i (where i ¼ 1,2) that are coupled by a third massless spring (k 12 ), which represents the overhang, Fig. 1(b) , the mechanical coupling constant could be calculated 24 as j ¼ k 12 /k by solving the eigenvalues equation
, where M is the mass matrix, X is the eigenvalue,x are the normalized eigenmodes of the system, and K is the stiffness matrix, given by
. This allows us to estimate the effective spring constant of the overhang to be k 12 ¼ 0.19 N/m. FEM allows to calculate the mechanical coupling constant, j, as a function of the gap between the nanobeams. According to previous studies, 27 the coupling constant rapidly decreases with the increasing gap. We find the value of j to be $0. The cavity can be viewed as a Fabry-Perot cavity with photonic crystal mirrors, which trap the nanobeam waveguide mode. To avoid the impedance mismatch between the waveguide mode and the Bloch mode, the photonic crystal mirror is tapered by reducing the hole spacing (a) and radius to match the effective indices of the evanescent mirror Bloch mode n Bl ¼ k/ 2a and the waveguide mode n wg ¼ 2.41. The cavities were designed using the finite-difference timedomain method being the photonic mirror pitch a ¼ 430 nm, which is linearly tapered over a five hole section to a ¼ 330 nm at the cavity center. The hole radius is given by r ¼ 0.28a.
In addition to the mechanical coupling, two nanobeams can be coupled via optical force due to the overlap of the optical resonances of each nanobeam. In our system, symmetric optical mode is strongly dispersive, and its wavelength depends on the separation between the nanobeams, whereas the anti-symmetric optical mode is insensitive to the separation. 23 Therefore, the symmetric (even) optical mode is highly sensitive to the collective motion of the nanobeams, and even the Brownian motion of the PCNCs significantly perturbs this mode. In this work, we focus on the even optical mode, only.
Figure of merit typically used to describe the optomechanical coupling is the g om , which is defined as the resonance shift of an optical mode due to a mechanical displacement. 15, 28 The frequency of the resonant optical mode can be expressed in Taylor series as
, where x 0 is the optical resonance frequency, x 0 is the equilibrium position, and x is the mechanical displacement. Keeping only the first order term in the Taylor series expansion, we can write resonance frequency as x O ðxÞ ¼ x O þ ðx À x 0 Þg OM , where we have defined the optomechanical coupling constant as g OM dx O =dxj x¼x 0 .
Note that we can also define a universal parameter that directly relates mechanical displacement with a change in the optical resonance
OM is usually referred as the effective optomechanical coupling length, and can be analytically calculated by using perturbation theory 29 as
wherew is the displacement field, equivalent to the shape of the different mechanical modes;n is the unit vector normal to the deflected surface of the PCNCs; De ¼ e 1 À e 2 , being e i , i ¼ 1,2 the dielectric constant of the structure and the surrounding medium, respectively, Dðe À1 Þ ¼ e 1 À1 À e 2 À1 ; andd ¼ eẽ. We used FEM calculations to evaluate the optomechanical coupling length between the even optical mode and both symmetric and anti-symmetric mechanical modes, taking into account the actual mode profiles. 30 Results are shown in Fig. 1(c) where the deformed shape of the beam corresponds with the mechanical displacement field whereas the color scale represents the electric field norm. The g om estimated through this perturbation theory calculation shows that the value for the antisymmetric mechanical mode is about 5 GHz/nm, whereas the g om for the symmetric mode is only 1.8 GHz/nm. Both values were calculated for a gap size between the two nanobeam of 100 nm.
The fabricated devices were characterized using a resonant scattering setup. 31 In order to study the mechanical degrees of freedom of our system, the sample was placed inside a high vacuum chamber (working pressure of 10 À6 Torr), which is sufficient to significantly reduce the effects of the viscous damping imposed by the air. Fig. 2 shows the optical and mechanical spectra for the same sample measured at high vacuum for different detuning of the excitation laser beam with respect to the cavity resonance. The characterization set up employs a tunable telecom laser focused via a 20Â objective (NA ¼ 0.5), through the view port of the vacuum chamber, and onto the sample. Light reflected from the sample was then collected by a photodetector. A spectrum analyzer at the output of the photodetector revealed mechanical resonance peaks, whereas the optical spectrum is acquired by synchronizing the laser sweep with the photodetector output. During the experimental characterization, the incident power at the output of the laser unit was fixed to 1mW. The measured quality factor for this optical mode at low output laser power (<200 lW, not shown) is of $10
5
. However, at large input powers, optical bistability can be observed, Fig. 2(a) , and is attributed to thermal processes induced by two-photon absorption. When the laser is completely detuned from the cavity resonance Fig. 2(b) , the antisymmetric mechanical mode is barely visible, whereas the symmetric mode is completely dark. However, as the detuning from the cavity resonance is reduced, the peak corresponding to the symmetric mechanical mode arises, and at wavelength of 1509.118 nm, Fig. 2(c) , is comparable to the anti-symmetric peak, while for wavelength of 1509.142 nm, Fig. 2(d) is orders of magnitude larger than the anti-symmetric peak. This is in contradiction with our estimation of optomechanical coupling based solely on localized photonic crystal nanobeam cavities resonances.
In order to understand the strong transduction of the even mode, it is important to consider an additional optomechanical coupling effect that arises from the interaction of the localized cavity modes with standing waves formed by the reflection of excitation fields from the Si substrate. Similar coupling has been previously studied in different geometries and materials, 33, 34 and was found that the coupling strength can be engineered by precisely controlling the separation between the nanostructure (that supports localized modes) and the substrate (that provides broad-band reflection). In order to evaluate the coupling, FEM simulations were performed: A Gaussian beam with a waist of 3 lm, focused on the plane of the beams, was used to excite nanobeam cavities separated by a gap of 100 nm, and suspended 2 lm above the substrate. The values used here were obtained from the fabricated devices and the actual setup in order to mimic the experimental conditions. Following the previous definition of the g om , we investigated the optical frequency shift as a function of the substrate distance. Color plot in Fig. 3(a) shows a slice of the tree dimensional electric field norm distribution of the double beam photonic crystal suspended over a reflective substrate at a distance D. As we can see from this simulation, the generated standing wave interacts with the photonic crystal cavity mode. As a result, the shape of the optical resonance depends on the cavity-substrate separation. In other words, coherent interaction between a background field, the standing wave, and a resonant scattering process coming from the photonic crystal cavity results in a Fano-like resonance. Due to the spatial dependence of the background field, the asymmetry in the line-shape is also modulated in the vertical coordinate, D. In Fig. 3(a) , we show the simulated optical spectra for three different distances between the nanobeams and the substrate. As can be seen, when the distance is D ¼ 2 lm, black line in Fig. 3(a) -the resonance corresponds to a lorentzian curve, however, by simply displacing the nanobeams 100 nm, red line in Fig. 3(a) -the asymmetry becomes more evident, being completely asymmetric for a distance of D ¼ 1.8 lm, blue line in Fig. 3(a) . From these simulations, we can make an estimation of the optical resonance shift as a function of the displacement from the substrate. For the symmetric mechanical mode, displacing both nanobeams in-phase, we can estimate a g om of 40.1 GHz/nm, 20 times larger than the previously described coupling of localized photonic crystal cavity modes. Since the even optical mode is strongly localized in between the beams, during the antisymmetric oscillation, this optical mode is not moving at all in the surrounding electric field, and, therefore, the associated g om for the antisymmetric mode is negligible ($0.5 GHz/nm). However, this mechanical mode can still be efficiently transduced by localized cavity mode only due to large deflection of nanobeams: by taking into account the equipartition theorem, we find that the amplitude of the mechanical oscillation at room temperature is $52 pm, giving a relative displacement of the beams of about 100 pm, which results in 11 pm shift in optical resonance. This is comparable to the linewidth of our optical resonance, $15 pm. Therefore, the Brownian motion of the antisymmetric mechanical mode is large enough to detune the cavity resonance, thus efficiently transducing this mode as well. Therefore, we conclude that localized photonic crystal cavity mode is sufficient to efficiently transduce the antisymmetric mechanical mode, whereas the combination of localized and extended optical fields is responsible for efficient transduction of the symmetric mechanical mode.
The interaction of the nanostructure with the standing wave is described in detail in the simulations presented in Fig. 3(b) . We show the spatial distribution of the electric field around the nanobeams for three different separations from the substrate, D ¼ 1550 nm, D ¼ 2300 nm, and D ¼ 2350 nm. Unlike the electric field distribution in Fig.  3(a) , here, we have chosen the size of the holes to place the nanobeams in the bandgap of the photonic crystal cavity. Therefore, we can see how the presence of the dielectric nanostructure perturbs the surrounding electric field, even in this case, where no resonance cavity is excited. The only place where we can put the dielectric without interaction with the background field are the minima of the standing wave, D ¼ 1550 nm and D ¼ 2350 nm.
It is known that when a nonlinear system is placed in a closed feedback loop, the transduction and the actuation are related, which is usually known as back action. Therefore, we expect to observe a decrease in the effective damping acting on the resonator, as the optical detuning is reduced. Furthermore, it is known [15] [16] [17] 28, [34] [35] [36] [37] that in any closed feedback mechanical system, the force acting on the resonator is directly proportional to the velocity. This force is feedback in the next iteration cycle by the derivative of the new displacement (handicapped by the effective damping constant, which is smaller than the previous iteration). In a few iterations cycles, the driving force is locked to the strongest signal, ideally being a harmonic signal at the resonance frequency of the peak. Therefore, the system only amplifies the strongest signal, which corresponds to the one with the better transduction, in this case, higher g om . In our geometry, this would be the symmetric mechanical mode due to the fano-like coupling explained above. Our experimental results at high output laser power (10mW) confirm this hypothesis: as shown in Fig. 4(a) , symmetric mechanical mode undergoes mechanical amplifications, characterized by a decrease in the mechanical linewidth and the stiffening of the resonance, 28 whereas the linewidth of the antisymmetric mode remains unchanged. This color plot represents the oscillation amplitude as a function of mechanical frequency and laser detuning. Note that the abrupt interruption of the mechanical peaks at 1509.32 nm corresponds to the bistability region, which in this case was thermally shifted to higher wavelengths due to the larger laser power used for this experiment compared to the measurements of Fig. 2 .
A mechanical resonator in the optical amplification regime experiences oscillation amplitudes larger than the usual Brownian motion, in a similar way than a forced harmonic oscillator. In this scenario, the displacement induces a stress larger than the intrinsic one, yielding to a nonlinear behavior. The Duffing model in which the resonance frequency has a quadratic dependence on the displacement accounts for the nonlinearity. Thus, the cubic term in the nonlinear equation of motion is responsible for the mixing of the symmetric and antisymmetric frequencies. The equation of motion can be written as
where w is the mode profile, being the subscripts S and A the corresponding ones to the symmetric and antisymmetric modes, c ¼ X 0 =Q is the mechanical damping factor, where X 0 is the mechanical resonance frequency and Q the mechanical quality factor; b is the nonlinearity strength; F th is the Langevin thermal driving force; and g is the optomechanical feedback gain, that must be proportional to the light coupled into the cavity. The presence of the nonlinear term w S 2 implies that the system oscillates at a frequency of 2X S , giving rise to a response at a frequency of 2X S À X A , blue curve (laser wavelength 1509.15 nm) in Fig. 4(b) . As it is shown in the figure, the first two peaks in the spectrum are the symmetric and the antisymmetric ones, region labeled as 1 in Fig. 4(a) , however, as the detuning decreases, region 2 in Fig. 4(a) and red curve (laser wavelength 1509.31 nm) in Fig. 4(b) , i.e., we couple more power inside the cavity, new peaks appear as the resulting of the frequency mixing, region 3 in the color plot in Fig. 4(a) .
In conclusion, we have demonstrated that the interaction of the optical resonances associated to the light confinement in subwavelength semiconductor structures with an external optical field allows to efficiently extend optomechanics to nanoscale objects. Depending on the mechanical mode, this kind of optomechanical coupling has been proved to be more efficient than the photonic cavity mode, in the case of out-ofplane mechanical resonances studied here. This discovery opens the door to novel cavity designs to efficiently cool selected even mechanical modes instead of odd modes with the prospect of achieving the quantum limit more quickly than with cavity optomechanics. On the other hand, this phenomenon enables the development of self-sustained oscillators in which the optical energy is converted into mechanical vibration at the natural frequency. In this optical amplification regime, a nonlinear frequency mixing of the symmetric and antisymmetric mechanical modes is reported and explained in terms of the cubic term in the Duffing model.
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